The Noise Susceptibility of a Photo-excited Coherent Conductor 
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We report the theory of the dynamical response of current fluctuations of a photo-excited con- 
ductor. We have performed the calculation for a coherent conductor described by arbitrary energy- 
dependent transmissions and for arbitrary frequencies. We consider two experimental setups that 
correspond to different ways of symmetrizing the current operators, leading to different predictions. 
Our results are in very good, quantitative agreement with a recent measurement. We demonstrate 
that the dynamical response of noise that we have calculated is the key concept that relates Dynam- 
ical Coulomb Blockade, i.e. the electron-electron correction to the conductance due to the presence 
of an external impedance, to quantum noise. 

PACS numbers: 72.70.-|-m, 42.50.Lc, 05.40.-a, 73.23.-b 



Measuring the dc current / through a conductor while 
applying a dc voltage V (which gives the differential 
conductance dl/dV) provides information only about dc 
properties of conduction. To learn more, several direc- 
tions can be taken. First, one can probe the dynamics 
of the charge transfer through the sample by measur- 
ing the dynamical conductance G(cjo) at finite frequency 
loq. This is achieved by applying dc plus small ac volt- 
age V{t) = V + 6V cosuiQt and measuring the current at 
the same frequency. Since the current may have both 
in-phase and out-of-phase components, G{ujo) is in gen- 
eral a complex quantity. If SV is large one may even 
enter a non-linear regime, in which current at harmonic 
frequencies pujo will be generated {p is an integer). A sec- 
ond option is to look at current fluctuations instead of 
average current. Current fluctuations are characterized 
by their spectral density 5*2(1^) measured at frequency lo: 
S2{'-^) = {i{uj)i{—Lo)) . Here i(a;) is the Fourier component 
of the fluctuating current at frequency w; the brackets (.) 
denote time averaging. 6*2, often simply called "noise", 
can be studied as a function of voltage and frequency (for 
a review on noise, see [l[). It provides information about 
the statistics of the charge transfer. 

Again, to learn more one is naturally drawn to con- 
sider noise under dc-|-ac bias. Photo-assisted noise corre- 
sponds to the noise 5*2 (cj) in the presence of an excitation 
at frequency ujq, obtained by time averaging the square 
of the current filtered around w, as in [2] for a; = and 
in for ui ^ ujQ. The equivalent of the dynamical re- 
sponse of current at arbitrary frequencies pujQ with p 7^ 
has however never been calculated for noise (p = is 
the usual photo-assisted noise It is the goal of this 
paper to provide such a calculation, which involves the 
correlator {i{uj)i{pojQ — u))). For a small ac voltage, we 
define the noise susceptibility which is to the noise what 
the ac conductance is to the average current. It is differ- 
ent from the adiabatic response obtained by taking the 
derivative of ^2 vs. V, just as the dynamical conduc- 
tance G(wo) differs from its dc value. At low excitation 



frequency uq, one can reformulate the noise susceptibil- 
ity in other terms, as follows. The ac voltage makes the 
Joule power dissipated in the sample to oscillate at coq 
by a quantity 6Pj° = 2GVdV for G real. From the 
noise temperature T/v = S2I {'^kBG) (here we suppose S2 
and G independent of oj for the sake of simplicity), the 
noise thermal impedance (NTI) is defined as the ratio 
of the oscillating noise temperature (5Tj^° to the oscil- 
lating Joule power [4]: 7^(tJo) = ST^"/SPy". It is wefl 
defined only if the noise temperature can be measured 
in a time much shorter than the inverse excitation fre- 
quency, i.e. w 3> Wo- The NTI is simply proportional to 
the small loq limit of the noise susceptibility that we cal- 
culate for arbitraries lu and luq. The noise susceptibility 
measures the dynamics of (charge neutral) electron-hole 
excitations, which reveals information that dynamics or 
statistics of charge transfer (given respectively by the ac 
conductance G{lu) and by S2ii^)) do not provide because 
of strong screening occurring in good conductors. 

In the following we calculate the correlator (i(w)i (pwQ— 
Lu)) for a quantum conductor using the Landauer- 
Biittiker formalism, along the lines of ref. In order 
to make a link with experiments, one has to symmetrize 
operators properly. We show two different experimental 
setups that correspond to different symmetrization rules, 
resulting in different shapes for the voltage dependence 
of the signal. Our calculation reproduces very well a re- 
cent measurement performed on a tunnel junction in the 
regime w luq [1]. We then show that the noise sus- 
ceptibility, i.e. the linear response of noise to a small 
ac voltage, is the central concept that relates Dynam- 
ical Coulomb blockade (DCB) to quantum noise. We 
indeed demonstrate that usual expressions for DCB can 
be rewritten in terms of noise susceptibility. 

We consider a single quantum channel described by 
its transmission amplitude t{E) and refiection amplitude 
r{E). We will perform all the calculations for a single 
channel. The formulas for the many channels case are 
obtained by simply adding the contributions of all the 
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channels. The current operator at frequency lo is given 
by 0: 

= I / dE[{l - r*{E)r{E + nw))al{E)aL{E + hw) 
~r*{E)t{E + hw)al{E)aR{E + hiu) 
-t*{E)r{E + hLo)a+{E)aL{E + huj) 
-t*{E)t{E + hw)a\{E)aR{E + huj)] 

o-l,r{E) is the annihilation operator of a quasiparticle of 
energy E in the left (right) reservoir. The effect of the 
dc+ac bias V{t) = V + 5V cosoj^t is to shift adiabatically 
the Fermi sea of the left reservoir, which is accounted for 
by replacing by 

oo 

aL{E) ^ ~aL{E) = ^ Jr,{z)aL(E - eV ~ nhw^) (1) 

n— — oo 

where z — e5V/{hujQ) and J„ is the n*'' Bessel's function 
of the first kind. We neglect electron-electron interac- 
tions, which is valid provided that is smaller than fre- 
quencies associated with electrodynamics, i.e. the plasma 
frequency or inverse of RC-like time . The statistical 
averages are given by: 

{a+{E)~aL{E + hw)) = fL\E)5(nw - ph^o) 
{a+{E)aR{E + Hlu)) - fR{E)S{nij) 

with f'j^\E) = J2n Jn{z)Jn+p{z)fL{E - ufuvo) an effec- 
tive energy distribution function and /l, fu the Fermi 
distributions in the left and right contacts. We now con- 
sider how the noise is modulated by the ac excitation at 
frequency uiq. The effect of the ac excitation is to induce 
correlations between Fourier components of the current 
separated by pujo where p is an integer. Such correlations 
are calculated by the mean of the following quantity: 

X^^\lOo,Lo) = {I[u)I[pLO^ - Lo)) - {I{lo)) {I{pLUo - Uj)) 

(2) 

which, unlike noise or photo-assisted noise, is complex for 
p ^ 0. The case p = corresponds to the photo-assisted 
noise. For p 7^ 0, X^^'^ measures how noise measured at 
Lu oscillates at frequency pujQ . In the case of a small exci- 
tation, only X^^"^ remains, which can be interpreted as 
a susceptibility of noise to an external oscillating voltage 
X^^\uj) oc SS2{uj)/SV. In the case of a slow excitation, 
the noise follows adiabatically the voltage, and one ex- 
pects xj^^V) ~ SV{dS2{uj)/dV). We decompose xj^^ 
into: 

X^l\u;o,Lo) = ^J dE[xLR{E)+XRL{E)] 

XLR^ \t{E + hLu)\^r*{E)r{E+phLUo) 

fi^\E){l~fRiE + hLo)) (3) 
XRL= \t{E)\^r{E + huj)r*{E + hu!-pHuJo) 

fRiE){Sp^o - ft^HE + hu;j) 

We remark that X^-* is real for energy-independent 
transmissions. In this case (which corresponds to zero 



a) bandpass filter b) 




FIG. 1; (a) Detection scheme for the two filters correlator 
X{ujo,u!). (b) Detection scheme for the one filter correlator 
X'{Luo,i^)- The symbol ® represents a multiplier, which out- 
put is the product of its two inputs. 

dwell time for the electrons), the noise responds instanta- 
neously to the excitation, but as we will see, not adiabati- 
cally. One now has to take care of the proper symmetriza- 
tion of Xj^ in order to calculate what corresponds to an 
actual measurement. It appears that the quantity one 
has to calculate depends on the experimental setup. We 
will consider here two different setups. 

Detection with two filters at lo and uj ~ puo — We 
first consider the setup of Fig. [Ija). The current i{t) is 
split into two paths where it is filtered around different 
frequencies; in the upper arm, it is filtered around fre- 
quency w > 0, to give i^(t) — i{uj)e^'^^ + i{—ijj)e~^'^^ ; in 
the lower arm it is filtered around frequency \uj — pLO{)\ 
{p > 0, (jjQ > 0). The response of the noise in-phase with 
the excitation is obtained by multiplying this product by 
cospujQt with loq > (and the out-of-phase by s'mpujQt) 
and then taking the dc part by time averaging. This gives 
the quantity X''P\llIo,uj) = {iui{t)ipuja-uj{t) cospujot): 

X^P\ujo,uj)= [{i{uj)i{pujo - uj)) , , 

+ {i{-uj)ii-pu;o + uj))]/2 ^' 

It is remarkable that X'-p'>{ujq,uj) is not invariant upon 
the transformations uj ~> lu or luq ^ —^^a taken sep- 
arately, but is invariant if we change the sign of both 
frequencies. It is also invariant upon the transformation 
Lu — > puJo — UJ. Each product has now to be symmetrized 
to be calculated by operators, since we are only consid- 
ering a detection by linear elements and not by photon 
counters (which can only absorb photons) : 

(i(wi)i(c^2)) ^ ((/(Wl)/(c^2)) + (/(c^2)/(wi)))/2 

Here the brackets around i mean time average and 
around / quantum mechanical average. Note that for 
the usual noise (i(Lj)i(— a;)) this symmetrization is equiv- 
alent to the one on sign reversal of the frequency. This is 
not the case here: the symmetrization rule on frequencies 
(and thus on operators in the final expression) depends 
on the detection scheme. Using the general property: 
-'^+'■'(^0,1^-')* = X^ ^\ujQ,u! — ploq) one can simplify the 

expression of X^pK Moreover, if x'f^ is real, as in the 
case of energy-independent transmission, the noise re- 
sponds in phase with the excitation and X^p^ simplifies: 
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Wo, 



(u;o, w) + X|-'')(coo, -uj)] 12 (5) 



From Eq. ([3]) we find for the multi-channel case: 
X<-P){uJo,u:) = (F/2)E„^(^)Jn+p(2)x 

withtJi = uj±eVlhimd S^{uj) = 2Gfiw coth[nw/(2fcBT)] 
the equilibrium Johnson- Nyquist noise at frequency lo. 
G is the conductance, supposed real and frequency- 
independent for the sake of simplicity; F is the Fano 
factor. In the limit of small ac excitation eSV <ti huja, 
only the correlators for p = ±1 contain terms linear in 
SV. We define the noise susceptibility by: 



lim 



SV 



(7) 



In the many channels case, the noise susceptibility is: 

+ S^{UJ^ - UJq) - S^{UJ+ - UJo)] 



(8) 



and in the limit of a low frequency excitation (jJq — it 



1 dSaH 
dV 



, where £'2(^,0;) is the usual 



reduces to: Xoii^^ 
noise given by 1 

S2{V,uj) = (F/2) [5°(w+) + (9) 

The factor 1/2 between Xo('^) and dS2{u!)/dV comes 
from the fact that the noise up-converted at frequency 
CO -\- ujQ is not detected by this setup. If one slowly mod- 
ulates the voltage and detect noise oscillations with a 
lockin technique, frequencies u; — loq and uj + loq are not 
separated (unlike with the present setup) and the full 
signal dS2/dV is recovered. 

Detection with one filter at frequency uj — Here we 
consider the detection scheme depicted on Fig. [Hb): in 
this setup the current filtered around frequency w > 0, 
iuj{t), is multiplied by the unfiltered current i(t). The 
result for the in-phase response {iuj(t)i{t) cospcuot) is: 



X'^P\LOo,Lo)^X<^P\LOo,Lo)+X<^P\LOo,-to) 



(10) 



Unlike X'-p\ the correlator X''-^'^ is invariant upon the 
transformations uj —i- — or ujq —ujo- We obtain for a 
conductor with energy-independent transmission: 

X'(p)(l^o,c^) = ZnJn{z)Jn+p{z)[S2iV + nhiUo/e,iu) 
+ {-l)PS2iV -nhLUo/e,uj)] 

(11) 

We notice that X''^^^ can be expressed in terms of the 
noise 6*2 and thus can be deduced from the voltage de- 
pendence of S2{V,uj). This is not the case for see 
Eq. ([6]). As for X^^^ we define the noise susceptibility 
x'iugi'-^) associated with X'^^\ Wc find: 



XL„M= iF/2)e/ihwo)[S2iV + hLOQ/e,uj) 
- S2iV - hwo/e,uj)] 



(12) 
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FIG. 2: Normalized, zero temperature noise susceptibilities 
Xt^(i^) (corresponding to the setup of Fig. 1(a)) and xL{u^) 
(corresponding to the setup of Fig. 1(b)) vs. normalized 
dc bias, as well as the adiabatic response of noise given by 
{l/2)dS2iuj)/dV. 



In the limit of a slow excitation ujq — > 0, we obtain, as 
expected: x'oi^) = ^§7^- 

To compare the effect of the filters in the experimen- 
tal setups, we consider the noise susceptibilities x ^^id 
x' for a conductor with energy independent transmis- 
sions, given by Eqs ^ and We plot them on 
Fig. [5] for zero temperature and in the particular case 
uj = ujQ, which is the one that has been investigated ex- 
perimentally 3. We also show the adiabatic response 
( 1/2)^5*2 (w)/dF to emphasize that at high excitation fre- 
quency ujQ, the response of noise is different from what 
could be expected from a dc measurement. In particular, 
for eV < fku, Xi^i^) / whereas S2{V,uj) is independent 
of V. The noise responds in phase with the excitation but 
has a voltage (and frequency) dependence that is not the 
adiabatic one. X^^^ujq^uj) has been recently measured 
in a tunnel junction for fko ~ Hujq 3> fcsT Q. The 
experimental data agree quantitatively with the present 
results. 

Discussion — In the previous sections we have derived 
expressions for arbitrary energy-dependent transmissions 
and calculated how formula simplify when t{E) and r(E) 
do not depend on E. These assumptions are relevant al- 
most only for the tunnel junction and the quantum point 
contact. In more complicated systems, energy depen- 
dence may be important. An intermediate and interest- 
ing case is that of the diffusive wire, in which the trans- 
missions are randomly distributed but present correla- 
tions. In the dc current, the average of the transmission 
gives the Drude conductance and its fluctuations give rise 
to the Universal Conductance Fluctuations, which dis- 
appear upon disorder averaging. The transmissions also 
have an energy-dependent imaginary part, related to the 
diffusion time of the electrons along the wire. This should 
show up as an imaginary part in the conductance 
However, due to the strong screening in good conductors, 



4 



this does not happen. The ac conductance is frequency 
independent up to plasma frequency or inverse RC-like 
time, at least for metals. The same suppression of fre- 
quency dependence holds for noise Q ■ Shot noise persists 
up to frequencies much higher than the inverse diffusion 
time because, crudely speaking, when one electron enters 
the wire, it pushes one out almost immediately. 

This does not matter for the noise susceptibility, as e.g. 
in a diffusive wire at low frequency, where the dynamics of 
the noise can be understood in terms of heat conduction 
along the sample [1]. In general, the noise susceptibility 
gives the response of charge neutral excitations and thus 
is unaffected by screening. From Eq. Q one can calcu- 
late Xuioi'^) fo'^ ^ diffusive wire at arbitrary frequencies. 
It is crucial in such a calculation to take into account 
correlations between transmissions / reflections at differ- 
ent energies on the scales of uj and ojq. Such correlations 
disappear for energy differences larger than the Thou- 
less energy Ec = h/To with td the diffusion time. Such 
frequency dependence had already been pointed out in 
the third cumulant of noise Q and in the photo-assisted 
noise Moreover, Eq. ^ shows that the phase of the 
transmission / reflection coefficients matters, unlike the 
case of photo-assisted noise. 

Link with Dynamical Coulomb Blockade — We will 
now show that the noise susceptibility is a central con- 
cept in the understanding of environmental effects on 
quantum transport, in particular on Dynamical Coulomb 
Blockade (DCB). A brief description of DCB in terms of 
classical currents helps understand the link between noise 
and DCB. A sample that is biased through an impedance 
Z{Ld) experiences voltage fluctuations due to the voltage 
drop across Z of the current fluctuations emitted by the 
sample itself. If the noise emitted by the sample depends 
on its voltage bias, the voltage fluctuations across the 
sample modify the statistics of current fluctuations cre- 
ating a feedback, a phenomenon usually called feedback 
of the environment. More precisely, current fluctuations 
at frequency uj create voltage fluctuations —Z{Lj)i{Lj) at 
the same frequency, which modulate the current fluctua- 
tions at all frequencies uj' . In the particular case u)' = oj, 
this mechanism causes DCB, i.e. correction to the dc 
current flo|. The quantity which measures the modu- 
lation of noise at frequency uj by an excitation at the 
same frequency is the noise susceptibility Xui{^) that we 
have calculated. Thus, we may expect that DCB can be 
formulated in terms of Xu}{'^), as we demonstrate now. 

We consider only DCB in two limits: i) a tunnel junc- 
tion (of small transmission) connected to an arbitrary 
Z{uj) (Eq. (51) in [l3|); ii) a sample of arbitrary trans- 
mission connected to a small Z{ijj) (Eq. (7) in [ll|). In 
these results, one recognizes easily the expressions giving 
our noise susceptibility for ujq = ui ^ so we can rewrite the 
correction to the dc current as: 



where K(ijo) is the Fourier transform of exp J{t) and J{t) 
is the phasejjhase correlation function of the environ- 
ment alone ,10]. Case i) is obtained by taking 1 for the 
Fano factor in Xuj{^)- Case ii) is recovered by expand- 
ing exp J(i) - 1 + J{t). Thus our Eq. not only 
relates noise to DCB in a transparent form, it also pro- 
vides a natural extension to existing results and a phys- 
ical meaning to a more general result, Eq. (8.4) of ref. 



Feedback of the environment also strongly affects the 
third cumulant of voltage/current fluctuations 53(0^,^') 
I3I 14 1 . As for DCB, voltage fluctuations at lo modulate 
noise at lo' , which contributes to modify 6*3 (w, cj'). At low 
frequency this effect is described by S2{uj)[dS2{oj') / dV]. 
It is clear that at high enough frequencies, this result will 
be modified into S2{uj)Xuj{l^')- Thus the understanding 
of the noise susceptibility is crucial to future studies of 
higher order cumulants at finite frequency, in particular 
in the quantum regime. 
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